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SCATTERING FOR THE FOCUSING -SUPERCRITICAL AND 
R2-SUBCRITICAL BIHARMONIC NLS EQUATIONS 

QING GUO 


Abstract. We consider the focusing -critical biharmonic Schrddinger equation, and 
prove a global wellposedness and scattering result for the radial data uo € satis¬ 


fying M(uo) E{uo)<M{Q) -c A((5) and IImoL'’” ll^^olb < ||Q|| 2 '’° ||A(5||2, where 
Sc € (0, 2) and Q is the ground state of A^Q + (2 — Sc)Q — \Q\^~^Q = 0. 
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1. Introduction 

The biharmonic Schrodinger equations, which are also called the fourth-order Schrddinger 
equations, 


iut + — eAu + f{\u\'^)u = 0 (1.1) 

with e = ±1 or e = 0 were introduced by Karpman [13] and Karpman and Shagalov [T3| 
to take into account the role of small fourth-order dispersion terms in the propagation of 
intense laser beams in a bulk medium with Kerr nonlinearity. Sharp dispersive estimates 
for the biharmonic Schrodinger operator have recently been obtained in |1], while specihc 
nonlinear biharmonic Schrodinger equations as fll.ip were discussed in [HIiQl 13129| . Related 
equations also appeared in (SjlHlEni- For a pure power-type nonlinearity, i.e., f{\u\‘^)u = 
the equation fll.lll is subcritical for A < 4 or for p < 1 -b (A > 4). When 
A > 5, criticality in the energy space appears with the power p = 1 + Fibich, 

Ilan and Papanicolaou in |3 describe various properties of the equation in the subcritical 
regime, with part of their analysis relying on very interesting numerical developments. 
Segata in [29] proved scattering in for the cubic nonlinearity; while in higher dimensions, 
the scattering results were obtained in |22ll26]. Global well-posedness and scattering for the 
energy critical case was considered in [271 Ea 123^3], while in [2H], the authors proved the 
same results for the mass-critical fourth-order Schrodinger equation in high dimensions. 
As discussed in [23, the scattering results for the subcritical defocusing case, i.e., for 
f{\u\‘^)u = with l-|-;|^<p<l-l- could be obtained following the strategy in 

Lin and Strauss [20] , see also [3] . However, to the authors’ knowledge, there have not been 
any scattering results for the focusing case {f{\u\^)u = —\u\^~^u) in the subcritical regime. 
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In this paper, we consider the focusing -supercritical and iJ^-subcritical biharmonic 
nonlinear Schrodinger equation 

( iut + — \u\^~^u = 0, {x, t) G X M, 

[ w(x,0) = Uo{x) G 

where u{x, t) is a complex-valued function in x R with the space dimension N satisfying 
< p < l-f- (when N < 4, l + ^<p< oo). Equation fll.2p admits two important 
conservation laws in energy space : 

Mass: M{u){t) = j \u{x,t)\^dx = M{uo)] 

Energy: Eiu)it) = ^ [\Au(x,t)\‘^dx -^— [ \u(x,t)f~^^dx = E(uo). 

2 y p +1y 

Moreover, it is easy to check that equation (11.21) is invariant under the scaling u{x, t) —)■ 

4 

X^u{Xx,X‘^t) which also leaves the norm of the homogeneous Sobolev space 
invariant, where Sc G (0,2) is dehned by Sc = y — That is why we also call this 

2 —Sc 

equation TT^'^-critical. Other scaling invariant quantities are ||Ati|| 2 , 2 (']RiV) and 

E{u)M{u) . 

Equation fll.2|) possesses a focusing nonlinearity {f{\u\‘^)u = —\u\p~^u), so one cannot 
hope to a similar global result as in m- Indeed, the existence of a nontrivial solution of 
the elliptic equation 

A2Q + (2-Se)Q-|gr'g = 0, (1.3) 

which we refer to as ground state Q G ff^(R^), can be obtained by similar method to that 
used in [2]. We then conclude that solitary waves u{x,t) = do not scatter. 

One can refer to [7] for some similar results. 

Our aim in this paper is to obtain the following result of scattering for the solutions of 
fll.2p with radial data. This scattering result would complement the very recent analysis 
of Boulenger and Lenzmann [2] . 

Theorem 1.1. Let uq G be radial and let u be the corresponding solution to fll.2p 
with maximal forward time interval of existence / C R. Suppose M{uq)~^E{ uo) < 
M{Q) E{Q), where Q is the solution of fll.3p . If 

2 — Sc 2 — Sc 

ll^’^o||L2(]RAr) < ||Q||^2(]RJV)|| A(5||x,2(-]gJV), 

then I = (—cxo,-|-oo), and u scatters in hf^(R^). That is there exists G such 

that limt^ioo ||?^(i) - e**^V±||ir 2 (]RiV) = 0. 

Our paper is organized as follows. We £x notations in the end of section 1. In section 
2, We recall the local theory for fll.2p established by [27]. After that, we introduce the 
inhomogeneous Strichartz’s estimates, upon which we sketch the proof of the small data 
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scattering and the perturbation theory. The variational structure of the ground state of 
an elliptic problem is given in section 3. In section 4, we prove a dichotomy proposition of 
global well-posedness versus blowing up, which yields the comparability of the total energy 
and the kinetic energy. The concentration compactness principle is used in section 5 to give 
a critical element, which yields a contradiction through a virial-type estimate in section 6, 
concluding the proof of Theorem 11.11 

Notations: In what follows, we denote by c a generic constant that is allowed to 
depend on N and p. The exact value of that constant may change from one to an¬ 
other. We write Ca when there is more dependence. We let L'’ = be the 

usual Lebesgue spaces with the norm dehned by || • ||r, and be the spaces 

of measurable functions from an interval / C M to whose L^)-norm is hnite, 

where = [fj \\u{t)\\'^dt)‘^. Moreover, we dehne the Fourier transform on by 

f{^) = (271)“'^/^ J e““^/(a:)dx. For s G R, the pseudo-differential operator (—A)* (or de¬ 
noted by |Vp*) is dehned by (—A)^/(^) = which in turn dehnes the homogeneous 

Sobolev space Ff® = = |/ G S'{R^) : f with its norm dehned 

by ll/llifs = II(“A)^/|| 2 , where iS'(R^) denotes the space of tempered distributions. 

2. Local theory and Strichartz estimates 

We start in this section by recalling the Strichartz estimates established by Pausader 
[27] . We say a pair (g, r) is Schrodinger admissible, for short S-admissible, if 2 < g, r < oo, 
{q,r,N) 7 ^ (2,oo,2), and “ + y = y- Also we use the terminology that a pair (g,r) is 
biharmonic admissible, for short B-admissible, if 2 < g,r < oo, {q,r,N) ^ (2,oo,4), and 

4 I N _ N 
q r 2 * 

The Strichartz estimates are stated as follows. Let u G C(/, iF“^(R^)) be a solution of 
u{t) = + I r (2.1) 

Jo 

with e G { — 1,0,1} on an interval I = [0,T]. If £ = 1, suppose also |/| < 1. For any 
B-admissible pairs (g,r) and (g, f), 

\\u\\L^{i,Lr) < c(||'Uo||l2 + (2.2) 

where q' and f' are the conjugate exponents of g and f, i.e., |-l-^ = }-|-^ = l. Besides, 
for any S-admissible pairs (g, r) and (a, 6), and any s > 0, 

|||V|"n|U,(7,Lr) < c(|||V|"“iMo||L2 + (2.3) 

From Sobolev embedding, estimates fl2.3p implies fl2.2p . We dehne two norms for conve¬ 
nience to study the FT^'^-critical equation fll.2p by 

l|ii|lz('n = llii|l (iv+4)(p-i) (iv+4)(p-i) , IlMlIxvn = IIm|I (iv+4)(p-i) (iv+4)(p-i) . (2.4) 

MW ^^^ ^^ ^ 
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Thus a direct consequence of fl2.3p and the Sobolev’s inequality is that, if u G C(/, 

2iV 

be a solution of (12.Ih with uq G H'^ and Vh G L^^), then u G (7(1, and 

for any B-admissible pairs {q,r), 

\\Au\\Liii,Ln < c(||Auo|U2 + (2.5) 

A key feature of fl2.5l) is that the second derivative of u is estimated using only one derivative 
of the forcing term h. Just as in [2^, the Strichartz estimates yield the following local well- 
posedness result. 

Proposition 2.1. Given any initial data Uq G any p G (1,^^) when N > 5, and 
any p > 1 when N < A, there exists T > 0 and a unique solution u G (^([O, T], of 
(na with initial data uq- The solution has conserved mass and energy. Besides, if is 
the maximal time of existence of u, then hmt_,. 2 ’+ ||M(f )||/^2 = +oo when T+ < oo. And the 
solution map Uq ^ u is continuous in the sense that for any T G (0,T+), if Uq G is a 
sequence converging in to Uq, and if denotes the solution of o with initial data 
Uq, then is defined on [0,T] for sufficiently large k and ^ u in C{}f),T], H"^). 


The author in [3l] (Theorem 1.4 there) studied the inhomogeneous Strichartz estimates 
for dispersive operators in the abstract setting, which indeed yield the counterpart ones for 
the fourth-order Schrodinger operators by the same method used in the proof of Corollary 
7.1 in [31]. More precisely, we say that a pair (g,r) is if^-biharmomic admissible and 
denote it by (g, r) G if 0 < s < 2 and 

ANN 2N 2N 

—I -=- s, -< r < -. 

q r 2 ' N-2s- N-A 


Correspondingly, we call the pair {q',r') dual i/'^-biharmomic admissible, denoted by 
{q',r') G A(, if (g, r) G A_s and (g^ r') is the conjugate exponent pair of (g,r). In par¬ 
ticular, (g, r) G Aq is just a B-admissible pair, which is always denoted by (g,r) G A^. 
Combining the results obtained by [2^ and [31], we can infer the following inhomogeneous 
Strichartz estimates on / = [0,r]: 




< c 


L<i{r,L^) 




V (g,r)GA^, V (g,r)GA_^. (2.6) 


We also refer to [6lC6l[I71[32] for more precise discussion on the inhomogeneous Strichartz 
estimates. 

Note that in the dehnition of || • \\z{i) and || • \\z'{i), the pair ( (^+T(p-i) ^ (a^+4Kp-i) ^ ^ 

and ( (^+T(p-b (^+4)(p-i) \ ^ ^ 2 -4^ defined in the introduction. Since 

for any (g,r) G A^^, we can check that (^, p G A'^, then the inhomogeneous Strichartz 
estimates 02.61) combined with the Holder inequality give that 


gi(t-s)A2, IP-1 


u{s)ds 


< c \u[ 




y r 

'Lp(I-,Lp) 




(2.7) 
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As a consequence of the Strichartz estimates introduced above, we can obtain the fol¬ 
lowing proposition. 

Proposition 2.2. Assume Uq G , to E I an interval o/M. Then there exists 5sd > 0 
such that if ||e**^^nolU(/) < then there exists a unique solution u G C{I,H‘^) of fll.2p 
with initial data Uq- This solution has conserved mass and energy, and satisfies 

||ii|U(/) < < c||no||iL2- (2.8) 


Proof. For h 


and a set as 


Ssd and M = c||mo||h 2 , we dehne a map as 

$(n) = + i / P^^-^^^"\u\P-\{s)ds, 

Jto 


Mm ,5 — {v ^ C{I, H‘^) : ||n||^(/) < 2h, ||n|| iv(p-i) < 2(5, ||An||ioo( 7 ^i 2 ) < 2M} 

L 2 j 

equipped with the Z{I) norm. Then from the Strichartz estimates fl2.5p and fl2.7p . using 
the Sobolev embedding and the Holder inequalities, we have for any u G Mm, 5 , 

and 


||A$(n)|Uoc(,,^2) < + 

< c||Ano||2 + c||n||^"^ jv{p-i) IIAn||i,oo(/^i2). 

L^(p-i)(^I^L 2 —) 

Moreover, for any u,v E Mm, 5 , 

||$(n) - $(n)|U(/) < c(||m|||'^;) -I- ||n|||“;))||n - v\\z(i). 


From a standard argument, we can obtain that if S is sufficiently small, the map u ha <F(m) 
is a contraction map on Mm, 5 - Thus, the contraction mapping theorem gives a unique 
solution u in Mm,s satisfying fl2.8p . □ 


From the small data theory fProposition 12.2p and using a similar argument as in |27], we 
can obtain the following result of scattering, the proof of which is standard and we omit 
here. 


Proposition 2.3. Let u{t) E C(R,H'^) be a solution of fll.2p . If ||n||z(K) < oo, then u{t) 
scatters in That is , there exists (j)^ E such that hmt_,.±oo ll^i(^) “ e**^0^||/f2 = 0. 

Now we show a useful perturbation lemma as follows. 

Lemma 2.4. For any given A, there exist Cq = eo(A, N,p) and c = c{A) such that for any 
e < Co, any interval I = (Ti, T 2 ) C M and any u = u{x, f) E satisfying 

iut + A^-u — = e, 


u\\z{i) A A, 




< e 


if for some {q,r) G A_s^, 
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and 

then the solution u G of fll.2p satisfying 

\\u - u\\zii) < c{A)e. 

Proof. Let w be defined hj u = u + w. Then w solves the eqnation 

idtw + A‘^w — \w + u\^~^{w + m) + \uf~^u + e = 0. 


(2.9) 


For any to E I, I = (Ti, to] U [to, T 2 ). We need only consider on J_|_ = [tg, T 2 ), since the case 
on J_ = (Ti,to] can be considered similarly. Since ||'u||z(/) < A, we can partition [^ 0 ,^ 2 ) 
into N = N{A) intervals Ij = [tj,tj+i] snch that for each j, the qnantity UhlUpp < h is 
snitably small with h to be chosen later. The integral equation of w with initial time tj is 

w{t) = — i [ + u\^~^{w + u) — \u\^~^u — e]{s)ds. (2.10) 

Jtj 

Using the inhomogeneous Strichartz estimates fl2.7l) on Ij, we obtain 




z(q) < ^^'>^^w{tj)\\z{ij) + c\\\w + u\P ^{w + u) + \u\p ^w|U'(q) + 


< lie 




^(^i)IU(T) + c\\u\fziij)\\'^h{ij) + <^\\'>^\\ziij) + l|e|lw(/;Lr- 


< ||e*(* '^^^"w{tj)\\z(ij) + c6P ^\\w\\z(ij) + c||w||^(^,) + ceo. 


If 


then 


h < 


4c 


p-1 


|g*(t < 


2 V4c 


p-1 


( 2 . 11 ) 


.\' W \\ z { Ij ) < 2116 **-* '^{ tj )\\ z { Ij ) + CCq. 

Now take t = tj+i in fl2.12l) . and apply e*h-b+i)^^ to both sides to obtain 

ftj+i 

^ u\P-\w + u)- \u\P-^u - e]{s)ds. 

Jtj 

( 2 . 12 ) 

Since the Duhamel integral is confined to Ij, using the inhomogeneous Strichart’z estimates 
(12.7p and following a similar argument as above, we obtain that 


||gi(i q+i)A w{tj+i)\\z(i+) < ||e*(* bOA w{tj)\\z(i+)+c5P iu;|U(q.)+ c||n;||^(j.) 

< 2||e*^* w{tj)\\z{i+) + ccq. 

Iterating beginning with j = 0, we obtain 

< 2^||e*(*-*°)^^n;(to)IU(/+) + (2^' - l)ceo < 2^+2ceo. 


+ CCq 
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To accommodate the conditions fl2.1ip for all intervals Ij with 0 < j < N — 1, we require 


2^+2 




(2.13) 


Finally, 


N-l 


\W\ 


’\\z{i+) < ^ S-’+^ceo + cNeo < c{N)eo, 

j=0 

which implies ||w||z(/+) < c(24)eo since N = N{A), concluding the proof. 


□ 


3. Variational Structure 


Following the idea from [M] , we study the variational structure of the ground state of the 
elliptic equation fll.dp by seeking the best constant of the Gagliardo-Nirenberg inequality 

,1 „ I 1 N(p-1) N(p-1) 

Mill < CaAnf* ‘ lAi-L - . 

Formally, if W is the minimizer of the variational problem 

„ , 1 JV(p-l) iv(p-l) 

'hiir ‘ iiA«ii2 ‘ 


(3.1) 


J = inf{J(M) : u G H^} with J{u) = 


\u 


ip+i 
Ip+i 

then we compute straightforward to get that W satishes the equation 
r ^ IIAIVL ^ (1 + ^- ^ - ’-)W 


(3.2) 


p+i_M 


IIAfVll 


8 

^(p-i) _2V(p - 1) 


A'^W - J'^IWIP-^W = 0. 


12 II^’^MI2 

If we set W{x) = aQ{x), where a, b satishes 


^(P-l).4„ , (4-Af)(p-l)4-l 


8 


-b (2 — Sc)(l + 


= 1 


and 




then Q{x) = a ^W{b solves the equation fll.3l) . and also attains the variational problem 

P I 1 IV(p-l) JV(p-l) 

fl3.2p with J = J{Q) = - iip., - (noting that J{Q) = J{W) is invariant 

llp+i 


under the scaling Q{x) = a~^W{b~^x)). 

The existence of the ground state solution of fll.3p can be shown by the same method 
as used in [33l[2], so we omit here. Moreover, the Pohozeav identity 


(2 - ^)||AO||2 - (2 - - 


■ll«llSl = o. 
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which can be obtained by mnltiplying the eqnation fll.Sp by x ■ VQ, combined with the 
identity HAQUI + (2 — Sc)||Q ||2 — ||Q||p+i = 0, obtained by mnltiplying the equation fll.Sp 
by Q, implies immediately that 

IIOII^ = IIOIKI. UO) = 

(3.3) 


Then we have 


CaN = -j^ 


4(p + 1) 


iV(p-l)||Q||,+.- 


iV(p-l) 


JV(p-l) o' 
4 ^ 


(3.4) 


IIAQL 

4. Global versus blow-up and dichotomy 


Theorem 4.1. Let Uq G H"^ and I = {T_,T^) be the maximal time interval of existence 
of u(t) solving fll.2p . Suppose that 



M{u)^E{u) < M{Q)^E{Q). 

(4.1) 

If fl4.ll) holds and 


||no||2^=^l|Ano||2<||Q||2^^“l|Ag||2, 

(4.2) 

then I = (—cx),-|-oo), 

i.e., the solution exists globally in time, and for all time t G M, 



imf)||2"^||An(f)||2<||g||2'^||Ag||2. 

(4.3) 

If fj4.ip holds and 


||«„||2- ||Am„||2 > IIQII/' IIAQIh, 

(4.4) 

then for t E I, 


||n(f)|| 2 -^||An(f)|| 2 >||g|| 2 -“||Ag|| 2 . 

(4.5) 


2, — Sc 

Proof. Multiplying the dehnition of energy by M{u)~^ and using fl3.ip . we have 

2-3 1 2(2-3e) 1 2(2 -sc) 

M{u)^E{u) =-\\u{t)\\^ l|An(t )||2 -^ll«lCilkll 2 

l|A«(t)|h)" - ^(ILWIli^ ||A«(()|h)^. 

Define f{x) = \x‘^ - . Then f'{x) = x (l - , and 

2— Sc 

thus, f'{x) = 0 when a:o = 0 and Xi = ||Q|| 2 ''‘' ||A(5||2. The graph of / has a local 
minimum at Xq and a local maximum at Xi. The condition fl4.ip and fl3.3p imply that 

2 — Sq 2 — Sc 

M{uo) E{uo) < f{xi) = M{Q) oc E{Q). This combined with energy conservation 
gives that 

/(ll«Wll 2 "" l|An(t)|| 2 ) < M{u{t))^E{u{t)) = M{uo)^E{uo) < f{xi). (4.6) 
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2 — Sc 

If initially 11110112 then by fl4.6p and the continuity of ||Ati(f )||2 in t, we have 

fl4.3p for all time t E I. In particular, the if^-norm of the solution u is bounded, which, by 

2 — Sc 

Proposition 12.11 proves the global existence in this case. If initially ||mo|| 2 *‘' IIII 2 > Xi, 
then by fl4.6p and the continuity of ||An(t )||2 in t, we have f|4.5p for all time t E I. 

From the argument above, we can refine this analysis to obtain the following. If the con¬ 
dition fl4.2p holds, then there exists h > 0 such that M{u)^^E{u) < E{Q), 

2 —Sc 2 —Sc 

and thus there exists ho = ho(<^) such that ||M(t) 112 “'' ||An(f )||2 < (1 —ho)||Q|l 2 '’° II^QIh- D 

The next two lemmas provide some additional estimates under the hypotheses fl4.ip and 
fl4.2p in Theorem 14.11 These lemmas will be needed in the proof of Theorem 11.11 through 
a virial-type estimate, which will be established in the last two sections. 

Lemma 4.2. Let uq E satisfy fl4.ip and fl4.2l) . Furthermore, take h > 0 such that 

2 — Sc 2 — Sc 

M{uq) E{uo) < (1 — 5)M{Q) E{Q). If u is a solution of problem fll.2p with initial 

data uq, then there exists (7^ > 0 such that for all f G M, 

l|A«||^ - > C,||Au||^. (4.7) 

Proof. By the analysis in the proof of Theorem 14.11 there exists ho = ho(h) > 0 such that 
for all f G M, 


2 - ||At.(i)||2<(l-4)|l'3|l2- IIAQII 2 . 


(4.8) 


Let 


hit) 


2(2-ac) 

IIQII2 IIAQII 


2(2-sc) 

-(||n(t)||2 - ||A«(f)|| 


4(p+l) " "^’+1 


2(2-ac) 

2 ) 


and set g{y) = — y ''4 \ By Gagliardo-Nirenberg estimate (13.1 p with sharp constant 

Cgn (13.4p . we can obtain 


hit) > g 


( h(t)||2-"||An(t)||2 \ 

V IIQL'^IIAQIb j 


By (|4.8p . we restrict our attention to 0 < y < 1 — ho. The elementary argument gives a 
constant such that y(y) > Csy'^ if 0 < y < 1 — ho. This indeed implies (14.7p . □ 


Lemma 4.3. (Comparability of the kinetic energy and the total energy) Let Uq E satisfy 
(14. ip and (14.2p . Then 


Nip — 1) — 8 
2Nip — 1) 


||A«(()||^ <£(«)< 1||A«(()||^ 
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Proof. The expression of E{u) gives the second ineqnality immediately. The hrst one can 
be obtained from 


1 

2 


||An||2 


F -r 


2Cgn 

p+l 


N(p+1) 

Il^«ll2 " 



iV(p+l) 



1 

2 


||An||2 


« ( 

'||nWll2"“lA«(t)ll2^ 


^ N{p-l)\ 

, ||Q||J^||AQ||2 ) 

) 


> 


N{p — 1) — 8 
2N{p — 1) 


||Am 


2 

L2) 


where we have used (13.11) and (13.31) . 


□ 


To establish the scattering theory, we need the following result. 

Proposition 4.4. (Existence of wave operators) Suppose G and 

i|K.+ ||^||A?i+||2 < E(Q)M(Q)^. (4.9) 

Then there exists Vq G such that the solution v of fll.2p with initial data Vq satisfies 
l|A«(()|| 2 ||%|t)^ < IIAQIbllQIl)^, M(v) = ||<A+||=, E(v) = i||A<A+||2, 

and limt^+oo \\v{t) - = 0. Moreover, if ||e**'^i/>+||z([o,oo)) < 5sd, then 

||^’IU([o,oo)) < c||e*‘^i/^+||z([o,oo)), ||-D""n ||2 < c||i/)+||h2. 

A similar result holds for the case t —oo. 

Proof. Similar to the proof of the small data scattering theory Proposition 12.21 we can 
solve the integral equation 

/ OO 

(4.10) 

for t > T with T large. 

In fact, there exists some large T such that \\e^^^'ilj^\\z{[T,oo)) < ^sd) where Sgd is de- 
hned by Proposition 12.21 Then, the same arguments as used in Proposition 12.21 give 
a solution v G C([T, cxd), of (14.101) . Moreover, we also have ||n||z([r,oo)) < 25^^, 
ll^llL 2 (p-i)([r^) I|2 ^^'IU°°([t,oo);L 2) < c||Ano|| 2 . Thus from 

II A(n — V’''')IU°°([r,oo);L 2 ) < c||n||^ ^ iv(p-i) I|2 ^'^I|l°°([t,oo),l2), 

L2(p-i)([r,oo),L 2 ) 

we get that 

||A(n — t/’’'')||L°°([r,oo);L 2 ) —)■ 0 as T ^ oo, 

which implies v{t) — —)■ 0 in as f —)■ +oo. Thus M{v) = ||'0’'"||2- 
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Since ^ 0 in L'" as t —)■ +cx) for any r G (2, we get easily that ||e**^^'0+||p+i —)■ 

0. This together with the fact that || is conserved implies 


E{v) = hm ( ^||Ae**^V^I|2 - ^ 


t—>-oo 




p + 1 


+ l|2 


In view of fl4.9p we immediately obtain M{v) E{v) < E{Q)M{Q) . Note that 


hm ||i; 

t—^OO 


2(2-sc) 2(2-Sc) 2(2-Sc) 

2- ||Ai;(t)||2= lim|le**^i^+||2 ||Ae*‘^V;+||2 

t^OO 


= 11^' 


2(2 —Sc) 2—s /V (T) 1 ^ 2(2 —Sc) 

I 2 - \\Ai^^\\l<2E{Q)M{Q)—= ^^—^^\\Q\\,- ||Ag||2, 


N{p - 1) 

where we have used fl4.9p and fl3.3p in the last two steps. Thus, due to Theorem 14.11 we 
can evolve v{t) from T back to the initial time 0, concluding our proof. 

□ 


5. Existence and compactness of a critical element 

2 — Sc 

Definition 5.1. We say that SC{uq) holds if for uq G satisfying ||mo|| 2*‘' ll^iiolh < 

||Q||2'’‘' ||A(5||2 and E{uq)M{uq) < E{Q)M{Q) , the corresponding solution u of 
(O with the maximal interval of existence / = (— 00 , + 00 ) satisfies 

||m||z(r) < 00 . (5.1) 


2-Sc -—— 

We first claim that there exists 5 > 0 such that if E(M)M(ti) < h and 11^0112||Atio||2 < 

2 — Sc 

||Q||2'’‘' ||A(5||2, then (15. ip holds. In fact, by the definition of norm || -Hzp), the B-Strichartz 
estimate fl2.2p and Lemma 14.31 we have 


itA'^ 


“oil 


< cl 
Z(R) — 


Uq 


_ 2 _ 

I 


2(2-se) 


< c 


||A«o||^< 


2N{p — l)c 
N{p — 1) — g 


E{u)M{u) 


2 

So if E{u)M{u)^ < ^N{p-i)c ^sd > we get that ||e**^"Mo||z(R) < 5sd- Then from Proposition 

2 

12.21 we get that SC{uo) holds, and the claim holds for 6 = ■ Now for each 6, 

we dehne the set Ss to be the collection of all such initial data in : 


Ss = {uo e ■. E{u)M{u) -c" < 5 and HrioL*" ll^“o||2 < IIQII2''" ||AQ||2}. 

We also define (M^^ E)c = sup{5 : Mq G S'5 ^ SC{uo) holds}. If (M E)c = 

2 — Sc 

M{Q) E{Q), then we are done. Thus we assume now 


(M^E), < M{Qf-^E{Q). 


(5.2) 


Remark 5.2. By the definition of (M E)^, we can find a sequence of solutions of 
fll.2p with initial data Unp G which we rescale to satisfy ||tin,o||2 = 1, such that 
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^ 2 s 

ll^^n.olh < ||Q|| 2 *‘' II^QI |2 and E{un) \r {M~^E)c as n —)■ oo, and SC{unfl) does not 
hold for any n. 

Our goal in this section is to show the existence of an solution Uc of fll.2p with 

2—Sc 2—Sc 2 — s 

the initial data Uc,o such that ||nc,o|| 2 '’‘' ll^'^c.olb < ||Q|| 2 '’‘' 11 ^^ 112 , M{uc) E{uc) = 

2 — Sc 

(M E)c and SC{uc,o) does not hold. Moreover, we show that if ||ttc||z([o,+oo)) = oo, then 
K = {uc{x,t)\0 <t< cx)} is precompact in and a corresponding conclusion is reached 
if II ^c||Z((—oo,0]) 

Prior to fulhlling our main task, we hrst establish a prohle decomposition lemma using 
the concentration compactness principle in the spirit of Keraani [19] and Merle [18]. We 
also refer to [9] for a similar result shown for the 3D cubic Schrodinger equation and to 
[T9] for the linear prohle decomposition for the one-dimensional fourth-order Schroinger 
equation. 


Lemma 5.3. (Profile decomposition). Let (f)n{x) be a radial uniformly bounded sequence 
in Then for each M there exists a subsequence of fin, which is denoted by itself, such 
that the following statements hold. 

(1) For each 1 < j < M, there exists (fixed in n) a radial profile fi^{x) in and a 
sequence (inn) of time shifts and there exists a sequence (inn) of remainders Wff{x) 
in such that 

M 

Mx) = 

i=i 

(2) The time sequences have a pairwise divergence property, i.e., for I < j k < M, 

lim \ti-tn\ = +^- (5-3) 

n^+co 


(3) The remainder sequence has the following asymptotic smallness property: 

hm [ Mm = 0. (6.4) 

M^+oo n^+oo 

(4) For each fixed M and any 0 < s < 2, we have the asymptotic Pythagorean expansion 
as follows 

M 

Un\\%s = + \\^n\\%s+On{l), (5.5) 

J=1 

where o„(l) —)■ 0 as n ^ -|-cx). 


Proof. Let Ci be such that ||(?^)n||ir2 < D- By the dehnition of the norm || • \\z{i), there holds 
the interpolation inequality 

11 11 11 111 0 II \\0 

II II I, J IIL?(M,L )ll 

with some {q,r) G and some 6 G (0,1). This combined with the Strichartz estimates 
gives 

l|e**^VLn“IU(M)<c||tyj^||^tl ' 


le-^Wf II 
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Since ||VF^||^sc < Ci, it suffices to show that 

lim [ lim 


„ II 2Af 1 = 0. 


(5.6) 


Let Ai = limsup„_^oo 2 iv . If Ai = 0, the proof is complete with 


M^+oo n— 

" ^itA^ 

= 0 for all 1 < j < M. Suppose Ai > 0. Passing to a subsequence, we may assume 
that lim,,^^ 6A\ 2 n = A^. We will show that there is a time seauence 

n^oo II H n 

and a prohle G such that ^ and 


\mHs.>KAi 


N I N-2sc 
2sc' min{2sc,4—2sc} 


^ 2sc min{2sc,4—2sc} 

Cl. 


N-2sc 


(5.7) 


For r > 1 to be chosen, let x{^) be a radial Schwartz function such that x(^) = 1 for 
^ < I'd < and x(.^) is supported in ^ < |d < 2r. 

Since the operator is an isometry on H^‘^, then by the Sobolev embedding. 


I pn - (pnf 2 N < sup 11 0n - xe 


TnWfjsc 


<sup / ier^di-x(ori</'n(oix< / 

<-prMnh + A-,m\% < (;L + ^)e;. 




hi^T- 


Take r sufficiently large such that (-^ + -^=^)c\ = ^eo with some 0 < cq < 1. (This 


implies that ^ > c 
^Ai. Thus from 


1 min{2sc ,4 —2sc } 


Then, for n large, we have 


T°0(K;2,7V-7^) 


> 


• a2 

IX*e-“ 2^ < llx*e*‘^>n||Loo(K;L2)||x*e*' (/)n|| < H^nllsllx * e^^^Vmiiocm.^oo), 

L“(R;LW77^) \ / V . y ^ . y 


TtA^i II jv- 


N-ac 


we get that ||x* c**'^^0n||Loo(R.j;^oo) > . Since are radial functions, so are 

y * By the radial Gagliardo-Nirenberg inequality, we obtain that 


IIX * e 4>n\\L°°{R-,L°°{\x\>R)) ^ pllX*^ 0n||^oo(']]j.2,2) || Vx * 6 ||^ 


itA^ 


AtA^ . 


R 


R' 


yvr N-Sc 

^ / \ —4 —~ 

Therefore, by selecting R large enough, ||y * e**'^Vn||L“(R;L“(|x|<R)) > | • 

Let tp and xp with \xW < i? be the sequences such that for each n, jy * (j)n{xD\ > 

N-Sr, 


1 1 


Ht) 


or 


xiA - y)e"^'-^Aniy)dy 


> 


1 


4 V 2 
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Passing to a subsequence such that —)■ which is possible because |x^| < R, we obtain 

that 


xix^ - (pniy)dy 


> 


1 Ml 
8 


N 

2Sr. 


Since the sequence is uniformly bounded in then we can hnd a radial function 

E such that, up to a subsequence, 'ijj^ weakly in with < ci. 

Thus, 

N ^ N-sc 

1 / Al \ 2sc 


x{x^ - y)'ip\y)dy 


> - 
- 8 


N / \ 

By Plancherel and Cauchy-Schwarz inequalities, Hxlliz-^c||'0^||i^sc > (^) 

N-Sc 


N-Sc 

4sc 


< cr 2 then Ht/'li/.c > ) r 


N 

I 2sr. { 1 


-(f-«c)_ In of fPe 


Since ^ o/ - , tucn 

choice of r, we obtain for some constant K such that fl5.7l) holds, concluding the claim 
Let IVn = (pn — ip^. Then since 0 weakly in H^, for any s E [0, 2], 


< (pn,e >ir- = < e 


jil 


>H-^ II'*/' 


1||2 
H^- 


By expanding ||1T^||^^, we obtain 


lim IMnllus = lim ||0, 


11^' 


From this with s = 0 and s = 2, we deduce that ||lT^||ir 2 < Ci. 


Let A 2 = hmsup„ 1T3|| 2 n . If ^42 = 0, then we are done. If A 2 > 0, 

then we repeat the above argument with replaced by Wp to obtain a sequence of time 

shifts tp and a prohle ip'^ E H‘^ such that ^ ni ,2 


'Wp weakly in Hp and 


N-2sr. 


^ K (x42)^^^ min{2scA-2sc} 


N-Sc _ 

2sc min{2scA~'^^c} 


Cl 


We show that \tp — tpl ^ 00 . Indeed, if we suppose, up to a subsequence, tp — tp ^ to 
hnite, then 

Since ^ 0, the left side of the above expression converges weakly to 0, and so 

-0^ = 0, a contradiction. Let Wp = pn — Note that for any s E [0, 2], 


< pn,e >Hs=< >Hs=< >jjs +On(l) WP'^ijjs 


(, 2||2 


We expand 

lim \\Wp\\%, = lim \\p. 

n^oo - . - - 

and obtain ||1 T^||h 2 < ci. 


'. 1||2 


ijs W^nWfJs 

^ n^oo ^ 


IIV* 11^,. 


/. 2||2 
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We continue inductively, constructing a sequence and a profile such that 
tlj^ weakly in and 


I_ 1\—Asr. 

1 \ 2sc mm{2sc,4-2sc} 

— 


aM 


Suppose 1 < j < M. We show that — ti\ oo inductively by assuming that 

—>■ cxD,..., \t^ — t^~^\ —)■ oo. In fact, Suppose up to a subsequence ^ to 

hnite. We have 

= - i}^. 

Since the left side converges weakly to 0, then we get a contradiction since 'ip^ ^ 0. This 
proves fl5.3p . Let Wpf = (pn — _ ... _ . Note that 

^^tp^ >Hs = < P^^^^(pn,tp^ >Hs 


^ 071! 6 


= < e 


it¥A^ 


{(Pn - 




^p^-^),r‘ >Hs +0.(1) 


= < >hs +0.(1) ^ 110 


M\i2 




where the second line follows from the pairwise divergence property fl5.3p . The expansion 
flS.Sp is then shown by expanding ||lT0^||^s. 

N — sc I_ N — 2sc _ 

^ + minims.,4-2 s.} 


By flS.Sp and ||0^||^sc > K (A^r) 


Yl K (Am 


M=1 


N _ 

^ 2sc~^'min{2sc,4: — 2sc} ( _ 

Cl 


N-sc , N-2sr. \ 2 

^ 2sc 77iin{2sc,4—2scl 


, we get that 


< lim 110.11^, < cj. 


Since N > 2sc, then Am ^ 0 as M —)■ oo, which implies fl5.4p . 


□ 


Lemma 5.4. (Energy pythagorean expansion) In the situation of Lemma \ 5.,% we have 

M 

E{4,„) = Y, + E(Wn) + o«(l)- (5-8) 

i=i 

Proof. According to fl5.5p . it suffices to establish for all M > 1, 

M 

uAtA =E +pc'iisi+o„(i). (5.9) 

i=i 

In fact, there are only two cases to consider. Case 1. There exists some j for which tf 
converges to a hnite number, which, without loss of generality, we assume is 0. In this 
case we will show that lim._ 5.00 ||IT0^||p+i = 0 for M > j, lim._ 5.00 |le“*+^^0^||p+i = 0 for 
all k 7 ^ j, and lim._ 5.00 ||0n||p+i = ||0'^||p+i! which gives fl5.9p . Case 2. For all j, \tp\ —)■ cx). 
In this case we will show that lim .^00 ||e“**"^^0^||p+i = 0 for all k and hm._ 5.00 ||0.||p+i = 
lim .^00 ||IF 0 ^||p+i, which gives (l+OP again. 
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For Case 1, we infer from the proof of Lemma [5.31 that '0-^. By the compactness 

of the embedding H‘^ad ^ it follows that t strongly in Let k ^ j. 

Then we get from (I5.3p that \t^\ —?• oo. As argued in the proof of Lemma 15.31 from 
Sobolev embedding and the L'^ spacetime decay estimate of the linear flow, we obtain that 
—)■ 0. Recalling that 

IRi-i = - 

we conclude that (pn —t strongly in Since 

= Wt^ - - 

we also conclude that lim„^oo ||hF,f^||p+i —)■ 0 strongly in for M > j. 

Case 2 follows similarly from the proof of Case 1. □ 


Proposition 5.5. There exists a radial Uc,o in with 

E{u,,o) = < M{Q)"-^E{Q), ||AMe,o||2 < HQHJ^ W^Qh 

such that if Uc is the corresponding solution of o with the initial data Ucp, then Uc is 
global and ||mc||z(r) = +cxo. 


Proof. Recall from Remark l5.21 we have obtained a radial sequence Un with Hwnlh = 1 in the 

Sale. 2-Se 

beginning of this section, satisfying ||Ait„^o ||2 < II^QI |2 and E{un) f {M E)c as 

n ^ oo. Each is global and nonscattering such that ||Mn||z(R) = +oo. We apply Lemma 
15.31 to Unfl, which is uniformly bounded in to get 


M 

Unfl{x) = 


i=i 


Then by (I5.8p . we have further 

M 

+ limE{W^) = limEK,o) = 

^ ^ n n n ' 

j=^ 

Since also by the profile expansion, we have 

M 

l|A«»,ollI = E + l|AH''"ll" + On(l). 

J = 1 


and 


M 

1 = ll«n,o||2 = 5^11^^112+ \\Wn\\l + On{l). 


Since from the proof of Lemma I4t-{l each energy is nonnegative and then 


hmE(e""'-^"i/’'’) < (M^E)... 


(5.10) 


(5.11) 


( 5 . 12 ) 
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Now, if more than one 7 ^ 0, we will show a contradiction and thns the prohle expansion 
will be rednced to the case that only one prohle is not nnll. 

In fact, if more than one 7 ^ 0, then by (I5.1ip we mnst have < 1 for each j, 

which together with (I5.12p implies that for n large enongh. 


For a given j, if \tp\ +cxo we assnme tp —)■ +00 or tp —00 np to a snbseqnence. 
In this case, by the proof of Lemma 15^ we have lim„^+oo = 0, and thns. 


2(2-sc) 2(2-ac) 2-3 

< {M^E)c. If we denote by 
NLS{t)(p a solntion of (IIAh with initial data 0, then we get from the existence of wave 
operators ( Proposition 14.41 Ithat there exists 'ip^ snch that 


\\NLS{-ti)iP^ - ^ 0 , as n^+oo 


with 

||AiVL5(f)i/;^||2 < IIQIlJ^IIAgih 
ll^^lh = Epp^) = ]^\\A%p^\\l. 

Thns we get that M{ip^)~^E{'tp^) < {M~^E)c, and so ||AL5'(f)'0 -^||^(]r) < +oo. If, on 
the other hand, for the given j, tp ^ t' hnite (at most only one snch j by fl5.3p L then by 
the continnity of the linear flow in we have 

strongly in H^. 

In this case, we set = NLS{t')[e~'^^'^^'p^] so that NLS{—t')'ip^ = To snm np, 

in either case, we obtain a new profile ip^ for the given -ip^ snch that 

\\NLS{—tP)'ip^ — —)■ 0, as n ^ +cxd. (5.13) 

As a resnlt, we can replace by NLS{—tP)p^ in flS.lOp and obtain 

M 

Uu.«(x) = J2 NLS(-ti)iHx) + W7'(i), 

i=i 

with limM^+oo[hm„^+oo ||e**^"^i^l|z(R)] = 0. 

In order to nse the pertnrbation theory to get a contradiction, we set v^pt) = NLSpt)pP 
Unpt) = NLS{t)un,o and set ft„(f) = E{t — tp). Then we have 

tOttln T A Un Tin ^ri'i 


where 


M 


M 


M 


j=l j=l j=l 

We will prove the following two claims to get the contradiction: 

Claim 1. There exists a large constant A independent of M snch that for any M, there 
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exists no = no{M) such that for n > no, ||Mn|U(M) < 

Claim 2. For each M and e > 0, there exists ni = ni(M, e) such that for n > rii 
||en||z'(/) < e. 

Note that, since ^^(O) — n„(0) = , there exists Mi = Mi(e) such that for each M > Mi 

there exists n 2 = n 2 (M) satisfying ||e**^^(hn(0) — n„(0))||^(]R) < e with e < eo as in Lemma 
12.41 Thus, if the two claims hold true, by the long-time perturbation theory fLemma 12.41) . 
for n and M large enough, we obtain ||nn||z(R) < +oo, which is a contradiction. So it 
suffices to show the above claims. 

Let Mq sufficiently large such that W^°\\z{r) < ^^sd- Thus we get from the deh- 
nition of that for each j > Mq, {—tD\\ z{k.) < Ssd- Similar to the small data 

scattering and Proposition 14.41 we obtain 

\\v^{t - < 2||e**^^^'(-Pj|U(K) < 26sd, ||/^*V||2 < (5.14) 

Thus by the elementary inequality 

M M 

~ - CM'^\aj\\akK^,P > l,aj > 0 

j=l 2 = 1 j^k 

and fl5.13p . we have that 

(iV+4)(p-l) ^ , . (iV+4)(p-l) ^ . . (Ar+4)(p-l) 

ll“^llz(R)" + crossterms 

2=1 j=Mo+l 

(5.15) 

(Ar+4)(p-l) ^ (Ar+4)(p-l) 

< Z^ll^^llz(R)^ +c 2^ U^Whsc'" +crossterms. 

2=1 2=lUo-l-l 

In view of fl5.3p . by taking no large enough, the crossterms can be made bounded. On the 
other hand, by fl5.10|) and Lemma [5.31 

Mo M 

||Wn,o||^., = ll^^ll^-c + ll^n^ll^.c +On(l), (5.16) 

2=1 2=lUo+l 

^ , (JV+4)(p-l) 

which shows that the quantity '^j=Mo+i ^ bounded independently of M since 

(Af+4Xp-i) ^ > 2. Above all, fl5.15p gives that ||'Un||z(R) is bounded independently of 

M for n > no large enough. So the hrst claim holds true. 

On the other hand, since 






M 




k\\p-l 


k=l 


M 


'^v^{t-tl), 

i=i 
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then if p — 1 > 1, we estimate 


M 

£ 'E E I”'** - - *‘)i - ‘LI"-" + \At - Sr-"); 

k¥=j 


while if p — 1 < 1, 


M 


<‘;EEi“"(*-siiSi-Sr'. 


Since by fl5.3p . for j ^ k, \P^ — t +oo, then we obtain that ||e„||^(ffi) goes to zero as 
n —>■ oo, concluding the second claim. 

Up to now, we have reduced the prohle expansion to the case that -0^ ^ 0, and = 0 
for all j > 2. We now begin to show the existence of a critical solution. By fIS.lip we 
have M('0^) < 1, and by fl5.12l) we have lim„ < {M~^E)^. If converges 

and, without loss of generality, —)■ 0 as n —>■ +cx), we take 0^ = 0^ and then we have 
||iVLS'(—f^)0^ — —)■ 0 as n —)■ +oo. If, on the other hand, —)■ +oo, then by 

the proof of Lemma [531 we have Iim„_j.+oo 0^||p+} = 0, and so 


-||A00|2 = hmE(e-**"^'0^) < (M^U)e. 

2 n 


Thus, by Proposition 14.41 there exist 0^ such that M(0^) = < 1, E{ijj^) = 

|||A0^||2 < E)c, and ||ALS'(——)■ 0 as n —)■ +cx). In either 

case, if we set — ALS'(—f^)0^), then by Strichartz estimates, we 

have 

||e**^IUj^|U(M) < |U(M) + c||e-<^Vi - 

PiTifT 1~hn^ 

hm llz(R) = lim \\E^^"w^\\zm- 

n^+cxD n—)-+oo 

Therefore, we have Unfl = ALS'(—f)j)0^ + with < 1, £’(0^) < {M~^E)c 

and hmM^+oo[liLnn^>+oo ^jf^lU(K)] = 0- Let Uc be the solution of fll.2p with initial 
data Ucfl = 0^- We claim that ||'nc||z(R) = oo, and then it must hold that M{uc) = 1 

2 — Sc 2—Sc 

and E{uc) = (M E)^ by the definition of (M E)^, concluding the proof. Contrarily, 
if otherwise A = || AL5'(f - f^)00||z(R) = || ALS'(f)00||z(R) = ||nc|U(R) < oo. From the 
perturbation theory (Lemma 12.4p . we get a eo = eo(A). Taking M sufficiently large and 
?7,2(M) large enough such that for n > n 2 , it holds that ||e**^ IU0 ^||z(r) < Cq. Similar 
to the proof of the hrst case. Lemma 12.41 implies that there exists a large n such that 
ll'Unllz(R) < OO, which is a contradiction . 

□ 


Proposition 5.6. (Precompactness of the flow of the critical solution) Let Uc he as in 
Proposition \5.A //||nc|U([o,oo)) = oo, then 


K = {uc{t)\ t E [0, Too)} C H‘^ 
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is precompact in H'^. A corresponding conclusion is reached if ||wclU((-oo,o]) = oo- 


Proof. Take a sequence —)■ +cxd. We argue that udtn) has a subsequence converging in 
H^. In the sequel, we write u = Uc for short. Take (fn = u{tn) in the profile expansion 
lemma 15.31 to obtain profiles and a remainder Wff such that 

M 

u{Q = + 

i=i 


with \t{ - ti 


—)■ +00 as n —)■ +CX 0 for any j ^ k. Then Lemma [5.41 gives 

M 



+ lim E{W^) = E{u) 

n^+OD 


(m'-^e),. 


Similar to the proof of Lemma 14.31 we know that each energy is nonnegative and thus for 
any j, 

lim < {M^E),. 

n^+co 

Moreover by fl5.5l) . we have 

M 

V + lim M{W^) = lim M{u{tn)) = 1. 

f ^ n^+oo n^+cxD 


If more than one ^ 0. Similar to the proof in Proposition 15.51 we a contradiction 
from the definition of the critical solution u = Uc,. Thus we will address the case that only 
■0^ 7 ^ 0 and = 0 for all j > 1, and so 

u{t^) = + W^. (5.17) 


Also as in the proof of Proposition [531 we obtain that = 1, lim,^_j._|_oo E{e = 

{M~^E)c, lim„_>+oo M{Wff) = 0 and hm„^+oo E{Wff) = 0. Thus by Lemma IT731 we get 


lim ||llW||j ,2 = 0. (5.18) 

n —>-+00 


We claim now that tp converges to some finite up to a subsequence, and then, since 
—)■ in fl5.18p implies that u{tn) converges in concluding our 

proof. It suffices to show the above claim. Contrarily, if —>■ — cx), then 

\\P^^\{tn)\\z{[ 0 ,oo)) < + \\E^^''W^\\z{[ 0 ,oo))- 


Note that 


lim I 

n—>-+oo 






|Z([0,oo)) 


= lim 

n—>-+oo 




^'1 




= 0 


and ||e**^'llA^||z([o,oo)) < \dsd by taking n sufficiently large, in contradiction to the small 
data scattering theory. If, on the other hand, tp —)■ +cx), we will similarly have ||e**^^n(t„) ||z((-oo,o]) < 
\5sd- Thus the small data scattering theory (Proposition l2.2p shows that ||n||z((-oo,t„]) < dsd- 
Since —>■ +cx), by sending n —)■ +cx), we obtain ||n||z((-oo,+oo)) < which is a contra¬ 

diction again. 
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□ 


Corollary 5.7. Let u be a solution of fll.2p such that K = {'u(t)| t G [0, +cxd)} is precom¬ 
pact in Then for each e > 0, there exists R > 0 independent of t such that 



\Au{x, t)\‘^ + \u{x, + \u{x, t)\^~^^dx < e. 


Proof. Contrarily, if not, then there exists eo > 0 and a sequence tn —)■ +C )0 such that, for 
each n. 


\x\>n 


\l\u{xRn)? + \u{xRn)? + \u{xRn)?^^dx > 2eQ. 


By the precompactness of K, there exists some 0 G such that, up to a subsequence of 
tn, u{tn) —)■ 0 in H^. Thus taking n large, we obtain 



|A0(a;)p + |0(a;)p + > Cq. 


(5.19) 


On the other hand, since 0 G and ||0||p+i < c||0||j:/2 by Sobolev embedding, by taking 
n sufficiently large, we have 



|A())(a;)|^ + \(t){x)\^ + \(j){x)f~^^dx < 



in contradiction to (I5.19p . 

□ 


6. A Rigidity theorem 


In this section, we prove the following statement and hnish the proof of Theorem 11.11 

„ 2 —Sc 

Theorem 6.1. Assume uq G is radial satisfying 11110112 = 1, E{uo) < E{Q)M{Q) 

2 — Sc 

and IIA 1 / 0 II 2 < ||Q|| 2 ^° IIAQII 2 . Letu be the corresponding solution of fll.2|) with initial data 
Uq. If K+ = {u{t) : t G [0,oo)} is precompact in , then uq = 0. The same conclusion 
holds if = {u{t) : t G (—oo,0]} is precompact in H"^. 

Remark 6.2. In view of Proposition 15.61 Theorem 16.11 implies that Uc obtained in Propo- 
sit ion [ 575 ] cannot exist. Thus, there must holds that {M~^ E)c = E{Q)M{Q)~^, which 
combined with Proposition 12.31 implies Theorem 11.11 Then, it suffices to show Theorem 

EH 


Proof. Dehne 


\x\ 


AR{t) = Im / ■ '^uudx, 


( 6 . 1 ) 


where 0(r) G ^“(M) is equal to 1 when r < 1, and to 0 when r > 2. Then for the radial 
solution u of the problem fll.21) . we compute that 

A'j^{t) = Im V utudx + 2/m / ' ^uut = A + R, 
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where 


and 


h = 


Re f V u{A‘^u — \u\^ ^u)dx 


= -N \Au\‘^-\u 



l-<^( 


— Re I ^ ■ V(—) [uA^u — \u\^~^^) dx 
JR R 

= — n[\Au\^ — \uY^^dx-\-Resi 


— dx 


h = — 2i?e / x(f){^) ■ Vu{A^u — 1^1^ ^u)dx 

J R 


X ^ ,,—, _ » 2 ■’ ^ 


{ul^'^^dx 


= — 2Re I x(f){A).'S/uA'^udx -— / V 

J R P+lJ 

=Re J W (^x(j){—)^ \Au\‘^dx — 2Re J dl{(pXj)djuAudx 


— ARe / dk{(j)Xj)djdkuAudx— 


p+l 


V 


\uf^^dx 


=N / \Au\‘^dx + N {(j){A) — l)\Au\'^dx + Re I ^ • V0(^)|A-u|^(ia; 

./ JR J R R 


— 2Re I dl{(t)Xj)djuAudx — A I \Au\'^dx + A I {(p{^) — l)\Au\‘^dx 


r X 2 

ARe / dk(f)(—)dxjRdjdkuAu - 

J R p+l 


V (^‘^(^)) \u\^'^^dx 


={N-A) j \Au\'^dx 
2N 


2N 


+ 


p+l 


(1 


p+l 
uj'^^dx - 


\u 


\P+^dx 


p+l J R 


- ■ V(t)\u\P+^dx 


= {N-A) / \Au\^dx- 


2N 

p+l 


\u 


\^^^dx + Res2. 


From Corollary 15.71 we can infer that |i?es| = \Resi + Res 2 \ = oh(1) — )■ 0 as i? 
nniformly in t G [0, cxo). Finally, we have 


= “4 J \Au\‘^dx + J \uf^^dx + or{1), 


where o_r( 1) —j-Oasi ?—;-+oo nniformly in t. 


-+ oo, 

( 6 . 2 ) 
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Let a positive constant S G (0,1) be such that E{uq) < (1 — 5)E{Q)M{Q) . By 

Lemma [4.21 and Lemma [4.31 we obtain that there exists some constant 5o > 0 such that 

—4 J \Au\‘^dx-\ - ^ ^ J \u\^^^dx < —26o J \Auo\‘^dx, 

which implies by fl6.2p that < —Jq / \Auo\'^dx for R sufficiently large. Thus, we have 

AR{t) - v4ij(0) < -dot j\Auo\^dx. 

On the other hand, by the definition of Ault), we should have 

\AR{t) - ^i?(0)| < Cr\\Q\\]j2, 

which is a contradiction for t large unless Uq = 0 . 

□ 
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